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ABSTRACT 

A complete classification is given of all [22, 11] 
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order of its group, the number of codes equivalent to it, 

and its weight distribution.  There is a unique [24, 12, 6] 
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COMPLETE CLASSIFICATION OF   (24,12)   AND   (22,11)   SELF-DUAL CODES 

by 

Vera Pless 
Project MAC, MIT, Cambridge, Massachusetts 

and 

N. J. A. Sloane 
Bell Laboratories, Murray Hill, N. J. 

1.  Introduction 

In spite of 25 years of research ([2], [31]), even 

the codes of only moderate length, up to 50 say, are a long 

way from being understood.  Slepian [38] used Polya's 

counting theorem to find the number of inequivalent codes 

of length n and dimensioa k. But the enumeration by length, 

dimension and minimum distance seems much more difficult. 

Some results on the enumeration of self-dual codes (c = C^) 

have been given in [2^], [32], [33], [35]; and in [34] Plesc 

has classified and enumerated all self-dual codes of length 

n < 20.  In the present paper we first give several new 

general theorems (§3-§6) including a canonical form for self- 

orthogonal codes generated by codewords of weight 4(Th.7.5). 

We then apply these theorems to enumerate all self-dual codes 

of length 22 and 2k  (§7, §8).  For each code we give the order 

of its group, the number of codes equivalent to it, and its 

weight distribution.  These codes provide 22 and 24 dimensional 

representations over GF(2) of their groups.  There is a 

Ml i^-'.-!v   
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uriique self-dual code of length 24 and ininlmum distance 6; 

its group is a maximal subgroup of ULh. 

The numbers of inequivalent codes are as follows 

Length n 2 4 6 8 10 12 14 16 18 20 22 24 

Indecomposable codes 1001 0 1 1 2 2 6 8 26 

All Codes 1112 Q 3 4 7 9 16 25 5 

If we require that the weights of codewords be divisible by 

4, the corresponding numbers are: 

Length n 8 16 24 

Indecomposable codes  1  1  7 

All Codes 12  9 

The 9 codes of length 24 with weights divisible by 4 were 

first found by J. H. Conway (unpublished).  Niemeier 

([29J, see also [28]) has found that there are 24 inequivalent 

even unimodular lattices in dimension 24, of which 9 correspond 

to these codes. 

[34] also classifies [n, ^ (n-1)] self-orthogonal 

codes (cC Cr) for n = 1,3, ...,19.  Although we have not 

classified the [21, 10] or [23, 11] self-orthogonal codes. 

Tables I, II would be of considerable help in doing so. 

§2.  Terms from Coding Theory 

For standard coding theory terms see [2], [31]. 

All codes are binary and linear.  An fn,k,d](or [n,k] for 

short) code has length n, dimension k, and (minimum) distance 

exactly d, and is a subspace of F\ where F = io,l},  |u| 

mmm -"* IMMüIT auMiiiMihi >•         . 
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denotes the weight of u, and uPlv = (w  v     u v N 

1 1 ' ' " ' n n :'  is 

the dual code to C. A  code is .self-orthogonal (s.o.) if 

C C C , it is aelf-dual if C - CJ .  The deficiency of a 

s.o. code is 5 = ^ n-k.  For a self-dual code, n is even, 

5=0, and the weight of every codeword is divisible by 2, 

It is possible, and interesting, to require that the weight 

of every codeword be divisible by 4, in which case n must 

by a multiple of 8 (c.f. Th. 2.5).  Note that if the basis 

vectors of a self orthogonal code have weight divisible by 

4, then all the codewords have this property. 

Three important self-dual code are: 

(i)  The [2, 1, 2] code C0 = [no, n.}. 

(ii)  The [8, h,   k]  Hamming code Eg, which is spanned 

by the rows of its generator matrix 

II 

(Blanks^ denote zeros.)' 

(ill) The [2':, 12, 8] Golay code G,,v with generator 

matrix given by (0.2)([9]). 

1 

II       III! 
11)11 I 

\       M       III 
•        II       III 

Gr      : ' I       I   I       I  I   I 
£V ' I       I   »      I   I   I 

I IM || 
M I      M       I 
11! Ill 
Ml i       || 

I U i I      i 
M    I   I   I    I   I   I   I   M 

(The first row of the circulant on the right of (2.2) 

at the quadratic residues modulo 11.) 

M 

has 1's 

fcjM.t-i-i.-'i.i i,-- ■, .^_: -■__„._  .,.-  ...._ _- __^.:.iLM 
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The (synunetry) group Q- (C) of C consists of all 

permutations of the coordinates which send codewords Into 

codewords (i.e. fix C setwise). Q (C) is a suogroup of the 

Symmetrie group S .  E.g. Q (Cp) Is ZOJ the cyclic group 

of order 2;  Q- (Eg) Is the general affine group Q CL(2) of 

order 13^4 (all transformations r -> x A + h  where A Is 

an Invertlble 3x3 matrix); and Q (G^h.)  is the Mathleu group 

10  ^ 
tlU/! of order 2  .3 . 5.7- 11.23  There is an extensive 

literature on Gpju, Ipp^,, and the associated Steiner system 

and Leech lattice - see references 1,3,7-10,15,16,19,21, 

;•: . ,",33,39, "0,42,43. 

Two codes C, 0' are equivalent if there exists 

a permutation in §  sending C into C.  The dlze of the 

equivalence class continuing C Is nl + order of C(C). 

The direct sum of codes C[n, k, d] and C[n', k', d'] 

Is the [n+n', k+k', mln(d,d')] code C * C = f(u,...u vn...v ) v l   n 1   n' 
(u]...nn)eC, (v1...vn)eC'). C «C will be written 2C, etc. 

If D can be written C 9 C   it is called decomposable. 

"Uierwlse indecomposable ([38]). 

If C, Jf are groups we write Q x Jl for their direct 

product, qk for Qx...>^(k factors), and Q .W for a semldirect 

product'. 

l.ernma 2.3 If C - (^ $ ... § ck where the Ci are indecomposable 

and equivalent thenQ(C) =Q(C. )k.S, 

1 im^MlMl^liii in 



Hiin.jiniM.M.iiMiuuia«. iiuiH..i.n«il>.M.if-»^..■•".u,iiW>l>jliuiitjU|l.iy .rajiJllUiHWUim.« i.i i..»!, .uinjinwiMWiu« mi n.i.n.iji.juMmm miim^juin,  UIP.WI.IJIHI^WI.W     IIIIW   mnn 

-  5 - 

Lejnma 2-h    Let C = D1 e  ...  0 I)£  where each D. is a direct 

sum of equivalent codes, and for 1 / j no summand of D is 
i 

equivalent to a summand of D..  Then 
J 

^(0) =  I] Q(D.). 
i=l 

Let us say that a self-orthogonal code has property 

P(d,5) if it has minimum distance > d and all weights are 

divisible by 5.  Then it is worth mentioning that the number 

of indecomposable codes with property P{d,5) and the total 

number of all such codes are related by exactly the same 

Riddell-Gilbert formula ([6], [11], [12],    [36 p. 14?]) 

which relates the numbers of connected graphs and all graphs. 

The weight distribution of C consists of the numbers 

aQj...,an where o1 is the number of codewords of weight i. The 

weight enumerator of C is the polynomial 
n 

ü)(C) = 03(0; x) = ][ CV1.  E.g. co(C2) =  1 + x2,   ^(Eg) = 
1=0 

1 + I4x4 + x8, a)(G24) = 1 -i- 759*8 + 2576;<12 + 759*l6 + x2>\ 

Theorem 2.5  (Gleason [13 ]; see also [4], [14], [23], [25]) 

(a) The weight enumerator of a self dual code is a polynomial 

in CD(C2) and Cü(EQ). (b)  If in addition the weight of every 

codeword is multiple of 4, then the weight enumerator is a 

polynomial in ü3(EQ) and CJD (GpZ,)„ 

Notation Usually capital Latin letters 

(A2i+,...) denote codes, the subscript giving 

■ttfttaaMUMHHiH iirWIIBMUIMiMI --""•''■^ -■' ■'-■  1 1   • 
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the length,  d , e are special codes, & !_, a, a',   b, c are 

special vectors (see §6).  y22 and y2Z; are special integers. 

Capital script letters (IIU^J...) denote groups. 

§3 General Enumeration Theorems 

Define^ for 0 < k < i n. 

<l)n ^ = the class of self-orthogonal [ntk]  codes, 

$n k =: subclass of *n k of codes which contain 1, 

yn k ~  subclass of $   of codes in which every codeword 

has weight divisible by 4, 

^n k = subclass of ^n k of codes which contain 1. 

Then $  i  = 4  i  is the class of self dual codes of length n 

The following results are useful for enumerating self dual 

codes.  Some of these results appeared in [24], [32], [33]. 

They are all proved by the methods of [24], [32], i.e. by 

induction on k.  Art empty product is equal Lo 1. 

Theorem 3.1 Let n be even and Ceö 0.  The number of codes 

in $n ^(k > s) which contain C is 

k-s-1 , n-2s-2j  1 I. ,J+1 

Gor. 3.2  [24] Let n be even and Ce* _.  The number of codes n. s 
in *„ 1  which contain C is n,2n 

iiiiiiiii 1     ii[ ■M  ftlte^i-i-ii^^-^^"""^^ • ■ 
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:od,es  in $   i     i< 
n.in 

3J]S   (2J+1). 

■Cor-   3-3   [32]  The   total number of 

'I!     (2d+l) 
J=l 

■2P.r- 3^ The total number of codes in 3/   iq 
n, k 

H ^1 2n-2J_>1 

11     5  if n even. 
=1      23-l 

0 if n odd, 

The0rem ^    tet  Ce^  „   - $:  _.     The number of codes  In n,s n,s 

Vk " ^k  (k ^ s)  which contain C is 

k-s  *üs 2n-2s-2J  -  1   . ^       K-s     n-2s-2J+l       . 
A  ~j ■   (n even)^      H i --±-  (n  ode 
3-1      2-1 j=1 2,;,   -  1 

Cor- 3-6 The total number of codes in $ . - <j/  js 
n,k   n,k 

0 

ft 2n"2j' - 1 /      .    Ü    2n-2 -2J+1 - 1 
J=l  2^-1 j=l  2^-1 

(n odd). 

Cor. 3.7 Let n b 

codes in *n^ (k > s) which contain C i 

e  even and  Ce^  - ^^.     The  nutnber of 

J-- / Jr.]. 

 ----■-" 
.^■^^m^Md^.O^X^^^- :■ .- mmmmtm 'Atjaai&^.ii!^^--. ,:„ ..... .. ..:.;■,... r.,....^.J...:...;.... y.-..;,.-.;.-.,....,.,i;...  . ■„..   . ■-^ 
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Cor. 3.8  [32] If n is even, the total number of coduc: in 

*n,k ls 

(2n-k-l) f   (2n-2J-l)// ft- (2^-1). 

For codes with weights divisible by 4 we do not 

give as much detail. 

Theorem 3.9 Let n be a multiple of 8, and Cs^'  .  The number 
n. s 

of codes in $n  k " ^1 k (k > s) which contain C is 

^n-s-k^in-k^-1 2n-2s-2J - 1 

J=l     2°' - 1 

Cor. 3.10 Same hypothesis as Th. 3.9.  Then the number of 

codes in yn ^ (k > s) which contain C is 

(2^-S-l)(2^-k+l)
kT1 (2

n-2S-2J-l)// T (2^-1) 
3=1 /     3=1 

Cor.3.11  [24] Same hypothesis as Th. 3.9.  The number of 

codes in ¥  1 which contain C is n, 2n 

in-s-1 
n (2j+i). 
J=0 

Cor. 3.12  [24] If n is a multiple of 8, the total number 

of codes In v     1     is n^s-n 

'If   (2J+1). 
J=0 

11 1 mtu in 1 ummam mtHHM-i ,U,- ■ ! ''r ■ , ^.-- -: ---■■■ ■^..■.■■^i■^:.^-^ !   • . ^ ' .. .     ^ ,     ■   ■       ^     ^ 
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§^-     The  Sum of all Weight Enumerators 

Let 

on(x)  =       Y       ^(C)  and Tn(x)  =       ^ 
CeVin 

oü(C), 

giving the sum of the weight enumerators of all self dual 

codes of length n, and the corresponding sum when the 

weights are divisible by 4. 

Theorem 4.1  (a) For n even^ 

^ - 2 2 
0n(x) =  If  (2J+1) 

j=l 
2*n-1(i+x

n) +  ) (r)x1 

2Ti 

-n(-) 

- - 1 2   J 

If   (2J+1)- 
J=0 

2 (1+x ) + 2  (.L)>: 
4|i 

Proof (a).  Write 

a (x) nv ' 
u 

Ce$n i  ueC n, sH 

and use Cors. 3.2, 3-3.  Similarly (b) follows from Cors. 3.11, 

3.12. 

iMililllinaillMMMMÜ—^I1«i i ,im*tm**m**—M^im     , , i 
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Examples 

Og  (x) = 15(9+28x2+70x4+28x6+9x8), 

T8  (X) = 30(l+l4Ax8), 

ooki*) = 305il27?324 ^24(2o49+276x2+lo626x4+13^^96x6+735,^71^8 

+1,961,25'ox10+2,704, l56x12+l, 961, ?5€*lk 

+ .. .+x2+). 

T24(x) = ^1127    y2k(1025+lo626*k+735A7lx6+2,70k,l56x12 

+735,471^l6+...+x24). 

where 

y24 = 1.3.5.7 21.23 = 316,234,143,225.      (4.2) 

§5 •  Codes with Minlinuin Distance at least 4 

Let C be a 6.0.   code of length n with minimuin distance 2 

Lemma 5-1 C is decomposable if n > 2. 

Proof.  Let u - (i^, ...,un) eC have weight 2.  If veC, since 

u.v = 0, ivH u| = 0 or 2.  Let D = {vsC: jvH u| = o} .  Then 

C = D..U (u+D).  Let D' be obtained from D by deleting the 

two coordinates i for which u. = 1.  Then C = D € Cp, 

c2 = {00, ll}. 

Lemma 5.2 All codewords of weight 2 in C are nonzero on 

disjoint sets of coordinates. 

mmmt tJl.r..^...^.■;.....■ ■ .. ,. ,. /.. ■...:'. ; ..:..:.. --.-.■.:..■■ -;,,■  
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Theorem 5.3    Let  n  be  even.     The number of 3.0.  [n,   n-r]  codes 

with minimum distance  > k  Is 

n/2 
(-PV. ,        , 

r~r—r~ a(n^r) 
^Q 2 j 1 (n-ai)1. i-0 

where 

a(n,r)  =   (2r-.!)   ^T''"   (a11"2^!)/ Tl1*  (2^-1). 

Proof.     Let  c(n, r,i)   be   the  number of s.o.    fn,   n-r]   codes 

containing 1  codewords  of weight 2.     From Cor.   3.8, 

n/< 

)     c(nJr,i) 

1=0 
= a(nJ r) 

From Leminas  5.1,   5.2, 

c(n,r,i)   = -T- nl 

2xi«. (n-2i)'. 
c(n-2i,r,0), 

therefore 

n/2 

a(n3r) 

The  coefficients  on   the  left are  those of  the Hermite polynomia] 

Hi;i(-x)[20].    The desired  result  follows   From the  orthogonality 

of  these polynomials. 

mtt^m^Km kteLv^,..-;..ü.,^.^L^.^^.v-;..;. ^..U^.-A'y^,^ .^.l.^.-:-.. ^. :.■,.: _.^ 
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§6.  Codes With Minimum Dir.lance I'^act'.y h 

For  n = 4,6,8,... lel d hethes.o.[nJ "in-l ] 

code with generator matrix 

n 

1111 

1111 

1111 

1 1 1 1_ 

dn may also be obtained from the [|n, in-l] code consisting 

of all vectors of even weight, upon replacing 0 by 00 and 1 

by 11.  d has deficiency 1, weight enumerator 

i[(l+x2)n/2+(l-x2)n/2], and dual code 

where 

d^ dnU (a+dn)U (b+dn)U (a'+dn)      (6.1) 

a = 101010...10, 

b = 110000...00, 

a' a + b = 011010...10. (6.2) 

The group of dn is: C^d^)   = S^, ?r{(\n)   ■--  Z^'^'n if n > 4 (^ ') 

For n =  7, 11, 15,...   let en be the s.o. [n, ^(n-1)] 

code with generator matrix 

-■ ■■■   •■—"'-•■ ■ -TIllMüi *■*"-"■•■'•    ■  : , • , ,  ___ .   __ 



n 

-  13 

1111 

1    1     1    1 

1     1    .1     .1 

1      .1      .!.      I 

1 1 1 ij 

en has  deficiency  ^   weight  enumerator if (1+x2) ^n~1)'/2 

+(l^)(n-l)/2]  + 2(n-3)/2x(n+l)/2j   and dual co^ 

i = enU (c+en)' (6.1)' 

where c=^=U...l.   Thegroipis:  q.(e7)  =^(2) -P^(7),   of 

order 168, Q(en)  = Z^'^'hin-l)  lf n > 7([34]). 

For n = 8,   12,   16,    ...   let En be   the   [n,|n]  self- 

dual  code  dn'O {a+dn),   i.e.   with generator matrix 

E   : n 

1111 

1111 

1111 

1111 

1 1 1 

MMMMMMiM •^MMÜM v*^..^^^,.,.^-^^*^-:^^*^*^^  
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For Eg see (2.1).  The weight ^enumerator is #[(l+x ) 

+ (l-x2)n/2] +2^n-1xn/2.  The group is: ('.(Eg) =(^3(2), of 

o rder 1344; a(En) =Z|
n"1-:>:n if n > 8 ([?^]). 

Note: In [3^L E8^ Ei2' ^ö' E20 were call'J{i 

Ag, B12, El6, J20 respectively. From (6.1), (6.1)' and 

the fact that E is self-dual, we have: 

Lemma 6.3  Any codeword of d^ is equal to one of 0,a,b, or a' 

(modulo d )j any codeword of e^ Is equal to 0 or c(modulo e^); 

and any codeword of E1 is equal to 0 (modulo E^). 

Cor. 6.4 If C is a s.o. code containing En as a subcode, 

then C is decomposable. 

These codes are important because they provide 

a canonical form for codes generated by codewords of weight 4, 

given in Th. 6.5.  This result is the basis of the classification 

in [34] and is used again in §§7,8.  The result was derived 

independently by J. H. Gonway (unpublished). 

Theorem 6.5 An indecomposable, self-orthogonal code C of 

length n which is generated by codewords of weight 4 is either 

dn(n = 4,6,8,...), e7  or Eg. 

Proof:  Let I be the subset of the n coordinate indices with 

the property that there exists at least one vector in C with 

1 on an indfex in I.  We say that C is of type H if I can be 

partitioned into pairs in such a way that every vector in 

Fn of weight 4 with ones on any 2 of these pairs is in C. 

If C is of type H, |l| must be even.  Note thai  a code  is 

of type H iff it is a dn with n > 4. 

MMMMMM   iMMMMMi l*Ü*Uve,J\.     :. ■ .     .         V-».^^.^... 
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Consider anyC.  If dim C = 1,'C ia equivalent, to 

d^.  If dim C = 2,   C is equivalent to dg.  If dim C > 3, 

C contains a dg and hence must, contain a d of maximal 

dimension.  Denote this subcode  by C.  If C = C, we are 

finished.  So suppose C ^ C.  Then there is a vector v of 

weight 4 in C - C.  Since v is orthogonal to a.1.1 vectors in 

C we have the following four possibilities, 

a) v has no coordinate indices in I. 

b) v has 2 coordinate indices in a pair of I, 

c) v has 3 coordinate indices in I, no two being in a pair 

of I. 

d) v has all h  coordinate indices in I, no two being, in a 

pair of I. 

Since C is indecomposable, case c)  implies that C = e7 and 

case d) implies that C = Eg.  Case b) is not possible sine 

v could then b^ added to 0 contradicting Its maximal dixnension 

Case a) is not possible since C would then be a direct 

summand. 

Cor.   6.6     The  only  self-dual  codes  which arc  generated   by 

codewords of weight 4 are Eo % 9-   Eg. 

Our notation for describing the generator matri;' 

of an indecomposable self-dual code C with mini mum distance 

equal to 4 is as follows.  We take the maximum number of 

linearly independent codewords of weight 4 as the top .left- 

hand corner of the generator matrix.  By Th. 6 ,[j  and Cor. 6.4 

MMHM '"*-iri^—" - J ■   I    - ■-^■:-^-.-         ii lIlMir-""^-"   ■"-■-   . 
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this has the form d. 9 d  * e 
7 

m 

.   $ e 
7 

(with m copies of e.,), or d  . . .d  e for shorty for suitable 
'      rl   r£    7 

r-., . . .,rpjtn.     The generator mttrlx Is 

•♦- 

2^-5 

5 

•n - 

d. 

'7 

0 

->■•*- 

weight > 6 

er. 

0 

It Is convenient to use the same symbol (d , e^,   etc.) 

both f'jr  the code and Its generator matrix.  Here y  Is called 

the gap of C,   and 5 = Ü + irm + ?y  Is the deficiency of the 

subcode generated by codewords of weight 4.  The last 5 rows 

have weight > 6.  If u is one of the last 5 rows, by Lemma 6.3 

we may assume that under each d , u Is one of 0,a,b, or a' 

(see(6.2)), and under each e^,   u is either 0 or c. 

To avoid writing the generator matrix in full we 

adopt a shorthand notation, best explained by two examples. 

The code Apj, of §8, with generator matrix given in (6.8) 

tarnet tMiittiiiiini 1 iW^iMU.;.•-..., M..i^l-&.U.^>...*.,^M*„.l>,i*iLiki.!ib.»..: 
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dl2 
0 

0 d12 

a b 

b a 

(6.8) 

will he written cL0/ab/baj and the code J j   of <s8, with 

generator matrix given in (6.9) 

Pi l 

TiM 
MM 

1  M   1 
i i  M 

l i  i  i 
III! 

llll 
MM 

llll 
1   1 
1   1 
I      1      1       ' 

M  M   1 M 
M   M   1   M 

1 
1 

1   1 

"d8 0 0 00 

0 e7 0 00 

0 0 e7 00 
b c 0 10 

01 b 0 G 

a 0 0 11 

(6.9; 

mm mtmm ■tfclr'iin ih'-^i-v^-i-^-' iM\'iitääifMik»\ k 
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ill be written d8e^ + 2/bcolo/bocOl/ao
2l2.  The explicit 

form of the generator matrices for indecomposable self-dual 

codes of length < 20 can be found in [3^]. 

It seems difficult to find a formula for the number 

of self-dual codes of length n and minimum distance 4. 

However, the next theorem does provide a useful check on 

the enumeration of some of these codes. 

For n = 4m, let O denote the class of self-dual 

codes of length n with the property that the codeword 1 is 

the sum of m disjoint codewords of weight 4.  For CeOn let 

h(C) be the number of ways of writing 1 as a sum of m code- 

words of weight 4, and let 

CeOn 

Theorem 6.10 An explicit formula for cpn is 

where 

i 

In particular cpo = 6,   cp2^ = 3,811,050. 

in ii mü i    i        —-       miiirMiia imiiiii in 
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Proof By Cor. 3.2,   the total number of self-dual codes 

containing the m codewords 

Mil 
MM 

I I I I 

Mil. 

is ^m = 11  (2J+-1).  Each of these codes contains a certain 
J=l 

number 21,  where 1 = 0,1,...,m, of codewords of weight 2. 

These codewords come in pairs, as each block of 4 coordinates 

contains 0 or 2 codewords of weight 2.  If one of these blocks 

contains 2 such codewords they can be chosen in 3 ways: 

1100 & 0011, 1010 & 0101, or 1001 & 0110.  Therefore 

with cp = 1. 

Inversion of this recurrence (cf [36,p49]) gives the desired 

result. 

To calculate h(C), it is sufficient to look at 

the subcode of C generated by codewords of weight 4. It 

is easily seen that: 

h(dn) 

(^n-l)(|-n-3)...5.3.1 if 4|n 

0 

h(e7) = 0, 

otherwise 

h(ER) = 7, 

miiüi mmm M  -— im miinailiiiiii ^     1 



- 20 - 

h(dr -e d  e ...) = h(dr )h(d )... 
12 12 

As an example of Th. 6.10, for n = 8 there Is 

one code Eg in Og, the number of codes equivalent to Eg is 

30 ([34]), and so Sg = 7-30, cpg = 6,  which agrees with Th. 6.10 

For n = 2k,   15 codes from Table II are in O^, namely 3Eg, 

2E12, Eg e El6, Eg ^ F16J A2h,   C2k,   E2k,   F24, E^,   1^, 

I^4, M^, 024, T24 and 7^.  Again the result agrees with 

Th. 6.10. 

§7.  Self Dual Codes of Length 22 

Theorem 7.1 There are 25 inequivalent self-dual codes of 

length 22, 17 of which are decomposable and 8 indecomposable. 

These codes are shown in Tabxe I, where for each 

code C we give: 

(i)  either its direct sum decomposition if C is 

decomposable, or a generator matrix in the notation of §6 

if C is indecomposable; (ii) the order of the group Q(C); 

(iii) the number of codes equivalent to C, written as a 

multiple of 

y  = 1.3.5.7 19.21 = 13,749,310,575; 
^22 

(iv)   the weight distribution a±= ot22_i (1=2,4,... ,10), 

omitting a0 = a2p = 1. 

For codes of length <20 appearing in Tables I, II 

we use the notation of [34].  Table I also gives the number 

of codes with minimum distance >4, and the total number. 

 —^IMWiirii i  -  HWlMi 
,.,    ...      
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These are in agreement with Th. 5.3 and Cor. 3.3.  Further- 

more the sum of the weight enumerators agrees with Th. 4.1. 

Theorem 7.1 is proved by the same method as Theorem 

8.1, except that 7.1 is simpler.  We omit the details. 

Notes on Table I G^ is obtained from the Golay code G^u 

by writing that code as 

G24 = G^KJG^
01

)^
10

)^
11

), 

according to the values of the first two coordinates.  The n 

G00 is G^
00) U G^11) with the fi J22 rst two coordinates deleted. 

The weight distribution of G22 is uniquely determined 

(given that its minimum distance is 6 ) from Th. 2.5,   or cam 

be obtained from the tables on page 80 of [8],  The group 

of Gpp is twice ffkp, 

Upp has generator matrix enclosed by the double 

line in (7-2). 

U22 and Z22;; 

"MM 
MM 

Mil 
MM 

\   1 M   1   1 

I r 
II 
11 
11 
\ 1 

11 
\   1 

I 1 
1     I \  1 

• \  1 
1      1 

1 1 
1      1 

1       I 
1                 ! 

.M, 
t I 
i     1 

1     1 
1          } 

L   i \ I 5         "1 1          \  ♦ h J 

(7.2) 

^^ 
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§8.  Self Dual Codes of Length 24 

Theorem 8.1 There are 55 inequivalent self dual codes of 

length 24, 29 of which are decomposable and 26 indecomposable 

(Table II; for y^ see Eq. (4.2)). 

Proof.  First we find the decomposable codes aü direct sums 

or shorter codes.  The groups of these codes are obtained 

from Lemma 2.4, [34], arid Table I.  The indecomposable codes 

are then classified according to minimum distance. By lemma 5.1 

there is no indecomposable code with minimum distance 2.  It 

is known [33 L [39] that the Golay code G ^  is the unique 

code of length 24 and distance 8. 

Now suppose the minimum distance is 4.  Let C be 

an indecomposable self dual code of length 24 and distance 4, 

and let 

C = d^ ^ ... « d^ « e7 
rl        ri   ' 

,    ,  m 
By  —  Q     ... Ü    t-r-, 

( r1   r£   ( 

(8.2) 

be the maximal subcode generated by codewords of weight 4(§6). 

C has gap 7 = 24 - T^~. . .-r*  -  7m, and deficiency fi =- Ü + -Jm + jsy. 

Our method is to consider each possible form (8.2) 

for Cf, and to find all ways of adding 5 linearly independent 

generators  to C so as to obtain an indecomposable self dual 

code C of distance 4.  We call such a code C (indecomposable, 

self dual, minimum distance 4, and with all codewords of weight 4 

contained in the subcode C) an extension of C.  C must 

'*-^---^^M^-  .-,^^^.^^| ...flu „a^,. Imirti'h'iir    .... 
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contain the vector 1.  So for each C we must find all its 

extensions C.  Lemma 6.3 is our chief weapon.  Having found 

a C, we compute its group Q-(C), and then the number of codes 

equivalent to C is 24,./order of Q-(C). 

Lemma 8.3 C' = d ^(with y = 0,   5=1) has a unique extension 

C = E 2 = d ^/a (in the notation of §7). 

Proof.  We must add 1 vector,, u say, to C'.  By 6.3 we may 

assume u is a = 1010...10, b = 1100...00, or a' = 0110...10. 

But a' is equivalent to a, and b has weight 2,   so v,"3 may take 

u = a. 

The group of E ^  is Zg '^X2' 

Lemma 8.4 C = d (4 < r < 22) has no extension C. 

Proof.  By 6.3, the generator matrix of C has the form 

u = 

v = 

r y 
dr 0 

a 

b 

0 Q 

where u and v may be absent.  If both are absent C is decomposable 

If one is absent, Q has deficiency 0, length _20, and distance 

6, which is impossible by Table III.  If both u, v are present, 

Q has deficiency 1.  By Table III there i_s a [20, 9, 6] code Q. 

But the next lemma shows that this Q, and hence C, cbesnot 

contain 1, a contradiction. 
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Table III, which Is frequently used In the proof 

of Th. 8.1, shows, for each climenslon k, the length n    of 

the shortest s.o. [n0,   k,   6]  code. 

Table III 

k  !  2  3  4  5  6  7  8  9  10  11  12 

n0  6* 10* 12* 14  15  16* 18  19 20  21  22*  24* 

*:  code is unique. 

This table was constructed by direct search, with the help 

of [18].  We omit the details.  An asterisk indicates that 

the code is unique.  The asterisk for k = 6 follows using 

the known list of [16, 8, 4] self dual codes [34].  The 

asterisk for k = 11 is from Th. 7.1. 

Lejma 8.5 There is no s.o. [20, 9, 6] code containing 1. 

Proof.  Suppose such a code D' exists.  By Cor. 3.2 there is 

a self dual [20, 10, d] code D containing D'.  If d = 4, D 

must be one of the codes E20>   K^ L^,   M^, R20, S20 of [34]. 

Suppose D = M^Q.  Let v^,..,^ be the 5 vectors of weight 

4 in M20.  Then we may assume M^ is generated by D' and v, . 

Therefore the following vectors are in D' v, + v. r2>   vi + vy  vl + vl-i' 
hence v1 + vv, + v^ + v^ = 1 + v5, hence v^.  But vr has weight 

4, a contradiction.  The other possibilities for D, and the 

case d = 2, are similar. 

Lemma 8.6 drd2^_r (with 7=0, 5=2) has a unique extension 

drdn-r//ab'/ba Provided r - 8, 12.  (This gives the entries 

A2J[|, H2i; of Table IV). 

imrSAitit ■'■.fjii- ■-*,.  ^ 'lÄMA^Xri^iiiMS'^^-i  ■   ■ £i«»i .■, 
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Lemma 8.7 d^^  with 8  r + s < 2k  has no extension. 
o 

Lemma 8.8 du  has a unique extension C = Y^u   shown In (8.9) 

c24 
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(8.9) 

Proof.  The generator matrix for C must have the form 

1111 0 0 

0 1111 0 

a 0 •   •   • 

b 0 •   «   • 

0 a •   •   • 

0 b •   •   • 

0 0 Q 

q 

r 

s 

t 
u 

z 

where Q Is the unique [16, 6,   6 ] code mentioned In Table III 

To describe Q, let x^,...,*^  be binary variables.  As In 

describing Reed-Muller codes, we identify each of the 2 

polynomials f (x-,^ .. .,xi;) over GF(2) with the corresponding 

vector of length 16.  The first order Reed Müller [16,   5, 8] 

!■■ - ' "* UHU t^^*- ■■   ■ ■ ■    _-..., ... .. ;. ■  ^,.^^:i-:;i.v^Jt^^/^.4^ 
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k 
code R consists of all linear functions )  a.-x. + ß, 

where a., ß = 0 or 1([31]§5.5). Then Q i^ UCX^^X^+R), SO we 

may take as generators for Q:u=l, v=x1, w=x2, x=x^, y=x;, 

Z=X1X2+X3X4'  The grouP of R is the general affine group C,ah{P.) 

consisting of all transformations (x^x^x^x^Hx-^x^x^x,,) A + b; 

where A is an invertible 4x4 binary matrix and b is a binary 

4-tuple. 

It is now straightforward to calculate the group 

of Q, and to show that there is essentially only one way 

to choose q^r^t, namely q = XjXy   r ~  XgX^, s = x^, 

t = XpX„, as shown in (8.9). 

The group cf Ygi) is as follow;;.  To every permutation 

IT of the first 4 cooi-dinates there corresponds a permutation 

geQ-(Q) such that irog fi^es Y^.     Similarly on the second set 

of 4.  Also the two sets of 4 may be exchanged.  Finally 

there are the 16 permutations generated by x. -^x. +1 

( i = 1, ...,4).  Thus |Q(Y2JI)| = 242.2.24. 

The remaining codes in Table II with minimum distance 

4 are found in the same way (although none are as complicated 

as Y2ij_).  It is worth pointing out that- d^ has three inequlvalent 

extensions:  C^, L^,   M^^;   and dg, df each have two. 
3 

d^dg has a unique extension W„K shown in (8.10), 

■  MUtJa      ^^^„„-jg-,^ 
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(i)  For each d block:, those permutations in Zl1"  'S 

which act inside the block, possibly followed by a permutation 

of the gap (and similarly for each c, block, if present). 

Thus Cj.(W2i+) contains a Klein 4-group Z./S^ acting on each d^ 

block, e.g. (13)(24) and (12)(34) fix the code and generate 

a Klein 4-group on block 1.  Again (13 15)(14 16), (13 17) 

(14 18), (13 14) (15 16), (13 14) (17 18) generate aZg-^ 

on block 4. 

(ii)  Permutations of the blocks, possibly followed 

by permutations inside the blocks and inside the gap.  Thus 

in W2^ a group S^ acts on blocks 1,2,3 as follows.  Convention: 

TTop means first apply ir,   then p.  Let 7r12 = (block 1, block 2) 

- (15)(26)(37) (48), etc.  Then 

7r12 o (23)(67)(9 11)(19 21) (22 24) 

^123° (123)(67)(13 14)(19 23 21 22 20 24) 

fix the code and generate an §L on the blocks. 

(iii)  Exceptional permutations, not of class (i), 

which act inside each block, possibly followed by a permutation 

of the gap.  Thus Q(W ^contains the exceptional permutation 

(1 2)(5 7)(9 11)(13 14)(19 22)(20 23)(21 24) of order 2.  No other 

permutations of W2jh are possible, and the order of Q^W ,,) is 

4J.(22.3,. ).3'.-2. 

The only codes containing exceptional permutations 

are F^,   W^, X^ (8.11) and Y^. 

^■^^^..,..-^.. ..^....^^niMl nr ■ r mmm '^—- 
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(8.11) 

Finally  It   remains  to consider the   case  of minimum 

distance  6.     Let   C be  a   [24,1?,6]   self dual   code.     By deleting 

2 coordinates  from  C we  obtain a   [22,11^4]  self   dual  code  D,   which 
must be  in Table  I.     It  is  straightforward  to  show that the 

only possibility is  D = \]22,   and further  that   there  is a 

unique way  to add   two  columns  and one  row  to  the  generator 

matrix  of U22  to  obtain C,   as  shown in  (7.2).     Therefore  C 

is  unique,   and Is  denoted by Z ^, 

To simplify calculation of  the  group  of  Zu,  we 

give an alternative   construction for this  code  based on the 

Golay code  G^,   using  the  notation of Todd's  paper   [42]. 

Let O =     1^0,1, .. .,22}   be  the  coordinates of Q u. 

A subset of O giving  the  location of the  1's   in a codeword 

of G2^ of weight  8  is   called an octad.     A list  of  the 759 

octads  is given in   [42].     O may be partitioned  into 6 sets 

of 4(called mutually complementary  tetrads)   such  that  the 

union of any  two  tetrads  is  an octad,   for example   (using 

■■■MMHHMHl lafeatkÜ.i^^.ii^,..^,....:-.^..;...,...,..^.^^.^^...... ..v-V.^.».^..!-.^^!^^ .^ .-.- 
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Toddb  notation for  the  octads). 

-  0 l 2, 3 514 17,  4 13 16 22,  6 7 19 21,   9 10 15 20,  8 11 12 18, 

(*) 
Associated with any set of mutually complementary tetrads is 

a set of 64 non-special hexads (i.e. 6-sets of O) with the 

properties:  (i)  A non-special hexad is not contained in 

any octad; and (ii) let H = (a^a^a^ag) be any non-special 

hexad, choose any point, say a], of H, and find the unique 

octad aga^a^a^agbgb^b^ containing the other '3  points of H. 

Then a-^b b^ must be one of the tetrads. 

A method of constructing the non-special hexads 

is given in [42].  A set of 12 non-special hexads associated 

with the tetrads(*) form the rows of (8.12).  These rows do 

indeed generate a [24, 12, 6] code, which therefore must be 

Z24* The SrouP of thls  code is that subgroup of illoi which 

fixes the set of mutually complementary tetrads.  This is the 

group G5 described in [42], of order 210.33.f) and index 1771 

in 111^.  The permutations and character table are given i 

Table VII of [42 ]. 

This completes the enumeration of the codes and 

the proof of Theorem 8.1. 

As checks on table II we verified the number of 

codes of minimum distance > 4 (5-3), the number of codes 

with weights divisible by 4 (3-12), the sum of the weight 

enumerators of the latter codes (4.1), the total number of 

n 
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Cor-8-15. Let c be an Indecomposable self dual code of 

length 24, with weight distribution a..  Either ctr  = 
i 6 

or ac = 64, o10 - woo. 

Proof.  1.  From Table II; or 

2.  From Th. 2.5 (using the version in [41), 

a 10 0 

the weight enumerator of C is, for suitable i,m, 

(l+x2)12     -  12x2(l+x2)Vx2)2  +   ^(l^2)^^^)^ + ^6(^2) 

= 1 + {£-6)xh +  (;n+64)*6 + (399-4i;-6m)x8 + 15(m-^4)x10 +..., 

so a10 = 15ag. But the codewords with weights divisible 

by 4 form a subcode of c of dimension 11 or 12, so Q^ + a-  - 
10 ^   10 

or 2  .  This completes the proof. 

Remarks (1)  The latter proof can be used for lengths 8 and .16 

to decide which of the possible weight enumerators given by 

Th. 2.3 can be realized by codes. 

(2)  Note that N22, P22, K24 can also be written 

e7e15/...,e11/...,d6e7e11/... . 
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